ABSTRACT A new adaptive delay-dependent fault-tolerant shape control strategy is proposed for the stochastic distribution system with time-delay, which can effectively make the output probability density function (PDF) track a given target distribution. In this framework, first, a system model based on PDF with the actuator failure is constructed. And then, adaptive delay-dependent fault-tolerant controllers, which include a normal controller and an adaptive compensation controller is designed. The normal controller can track the given output distribution with an optimized performance index when there is no actuator fault, and the adaptive compensation controller can reduce the negative effects caused by the actuator fault. Numerical simulations are used to show the effectiveness of the proposed method.
I. INTRODUCTION
It is known that the control design of stochastic system has extensive applications in practice [1] . For Gaussian stochastic systems, the control objectives are described by mean and variance, which may fully characterize the Gaussian stochastic process [2] , [3] . However, the nonlinear and uncertain are universal in most of the practical systems, which make the system states to obey the non-Gaussian stochastic distribution [4] . In this case, the mean and variance are not sufficient to completely describe the statistic properties of stochastic variables. To deal with this problem, the output PDF shape control strategy is proposed and applied to both Gaussian and non-Gaussian dynamic systems in [5] . Compared with the traditional control methods based on mean and variance, the PDF shape control can utilize more complete characteristic information of stochastic systems.
In the PDF shape control scheme, the dynamic relationship between control input and output PDF can be described via B-spline approximation methods. In this framework, this shape control problem can be transformed into a tracking problem with finite number of weights in the B-spline model. Several types of B-spline models have been derived by different B-spline approximations, which included linear B-spline approximation [6] , square-root B-spline approximation [7] , rational B-spline approximation [8] , and square root rational B-spline (SR-RBS) approximation [9] . It is noted that the dynamic weights in SR-RBS model are independent with each other [10] , thus it has a great advantage compared with the other three approximation methods. Therefore, the shape control based on SR-RBS model attracts more and more attention [11] , [12] .
In recent years, due to the requirements of high reliability of complex systems, fault-tolerant control has drawn extensive attention [13] - [17] , [28] . There are a few work about fault-tolerant control for stochastic distribution system (SDS). For example in [18] and [19] , non-Gaussian SDS is approximated by rational square root B-spline model. Based the obtained system, the adaptive observer is designed to estimate the fault. Then, the fault-tolerant controller is designed via the estimated information. In [9] and [11] , the linear singular non-Gaussian SDS is considered. Then based on the diagnostic information, some optimal faulttolerant control algorithms are designed. However, it is worth pointing out that few researches on fault-tolerant shape control for SR-RBS model in the existing literature.
In addition, time-delay is very common in actual industrial production process. The existence of time-delay affects the system stability [20] , [21] . Therefore, it is necessary to consider the effect of time-delay in fault tolerant control [22] . In [22] , a new delay-dependent fault diagnosis algorithm is proposed for continuous SDS with time-delays. In order to improve the fault detection sensitivity in [23] , an optimal fault detection observer is designed by fully considering the information of time-delays. However, it is noted that time-delays are not considered in fault-tolerant shape control (FTSC) in [12] .
Therefore, inspired by the above discussions, in this paper, a new delay-dependent FTSC scheme is studied for SDS with time-delay, where the partial loss of actuator effectiveness is considered. In this framework, the SR-RBS expansion technique is used to approximate the output PDF, thus the original stochastic system is transformed into a dynamic weight system with time-delay. Based on this, a new delaydependent FTSC strategy is proposed, which included two aspects, namely a normal shape control law and an adaptive compensation shape control law. The main contributions of this paper include: (i) The effect of time-delay is considered in the designed fault tolerant shape control based on square root rational B-spline approximation. (ii) Delay-dependent guaranteed cost performance index is used to effectively make the output PDF track a given target distribution. (iii) A delay-dependent adaptive estimation algorithm is derived to compensate the fault online. Finally, numerical examples are presented to demonstrate the validity of the proposed design.
Notation: In order to facilitate the description, the symmetric position of the symmetric matrix is represented by the ''*''. And the superscripts ''T '', ''−1'', '' †'' stand for matrix transposition, inverse, and pseudo inverse respectively, and define ''sym(AB) = AB + B T A T ''.
II. PROBLEM DESCRIPTION
For a dynamic stochastic system, u(t) is the control input, and the output η(t) ∈ [a, b] is assumed to be an uniformly bounded stochastic process. Then, under the action of u(t), the probability P of the output η(t) lying in [a, δ](a ≤ δ ≤ b) is defined as follows.
where ϕ(y, u(t)) is the PDF of the output η(t) under the control input u(t) at time t, and y is the variable of the PDF function. The output PDF ϕ(y, u(t)) is assumed to be measurable, continuous, and bounded. The following SR-RBS model is usually used to approximate ϕ(y, u(t)).
where C(y) = [C 1 (y), C 2 (y), . . . , C n (y)], C i (y) ≥ 0, denotes the independent basis function vector given in advance,
, is the dynamic weight vector and v i (u(t))(i = 1, 2, ..n) are independent from each other.
A. SYSTEM MODEL
In this paper, the dynamic relationship between u(t) and v(t) can be described as follows [12] : 
Time delays are also considered in [9] and [25] , where time delays came from the sampling intervals and iterative learning observer respectively. A derivative of timevarying delay is not considered in [25] and a constant time delay is studied in [9] . However, in this paper, the slow varying time delay is considered, which is more a general case than those considered in [9] and [25] .
For any x 1 (t) and x 2 (t), the nonlinear function g(x(t)) meets the following conditions:
where U is a given constant matrix.
Considering the loss of actuator control effectiveness, the dynamic system can be written as:
Here, ω can be described as follows [25] :
where m is the number of inputs, ω i is an unknown constant, ω i and ω i are the lower and upper bounds of ω i , and 0 ≤ ω i ≤ ω i ≤ 1 represents the loss of control effectiveness. When ω i = ω i = 1 or 0 < ω i < 1, it indicates that the ith actuator is fault-free or the ith actuator is partially disabled respectively. When ω i = 0, it indicates that the ith actuator is totally disabled.
To derive the delay-dependent FTSC strategy for the system (5), a desired PDF can be described as
where v g (t) is the desired weight vector related to C(y), L = b a C T (y)C(y)dy. Thus, the target of the shape control becomes finding the control u(t) so that ϕ u (y, t) can track ϕ * (y, t).
Therefore, the control problem of FTSC for output PDF can be formulated as tracking v g (t) by v(t).
B. CONTROL OBJECTIVES
For the system (5), the design of controller in this paper is twofold.
(1) Under normal situation, the system is asymptotically stable, and the dynamic weight v(t) can track the desired weight v g (t) with zero steady-state error.
And for given matrices Z 1 > 0, Z 2 > 0, Z 3 > 0, the controller can achieve the best performance by minimizing the upper bound of the cost function as follows
where
In the case of actuator failure, the closed-loop system is stable and the dynamic weight v(t) can also track the desired weight v g (t) with zero steady-state error.
In order to obtain delay-dependent results, the following Lemma is needed.
Lemma 1 [24] : For any matrix R > 0, x ∈ [α 1 , α 2 ], the following inequality holds:
Remark 2: In [11] and [27] , the premise of fault-tolerant control is the observer design, which is not needed in our proposed method. Meanwhile, it is worth pointing out that time delay is not considered in [11] and [27] . For time-varying delay, a new technique based on Lemma 1 will be used in the subsequent delay-dependent fault-tolerant control design.
III. MAIN RESULTS

A. OUTPUT PDF TRACKING FOR FAULT-FREE CASE
In the normal case, ω = I in system (10), the following controller is designed
where K N is the controller gain. Thus, the closed-system can be written aṡ
For the closed-system (12), the following result can be obtained via the method in [26] . Theorem 1: Given constants γ > 0, 0 ≤ µ ≤ 1, the matrices Z = diag{Z 1 , Z 2 } > 0 and Z 3 > 0, if there exist a constant κ > 0, matricesP > 0,Q > 0, so that the following inequality holds (12) is asymptotically stable, v(t) can converge to the weight v g (t) and the performance index (8) has an upper bound
Proof: For the closed-loop system (12), the following Lyapunov candidate is chosen:
T (s)Qx(s)ds whereP > 0 andQ > 0. By used the similar method in [12] , we can obtaiṅ
For any θ(t) = 0, if (13) holds, we can geṫ
Thus,V (x(t)) < 0 only if ||x(t)|| > γ κ ||v g (t)|| holds, which means
Next, we will prove that the equilibrium point of (12) for given v g (t) is unique via the method in [26] . Assuming thatx 1 (t),x 2 (t) are two trajectories of system (12) , and letting (t) =x 1 (t) −x 2 (t) and initial condition (t) = 0, we can obtaiṅ
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The following Lyapunov candidate is chosen:
Similar to (15), we can geṫ
From (13), it can be seen thatV ( (t)) < −κ|| (t)|| 2 , so (t) = 0 is the unique asymptotically stable equilibrium point of the system (18), which means that the closed-loop system (12) also has a unique stable equilibrium. So lim t→∞ ξ (t) = ξ , and lim t→∞ξ (t) = 0, where ξ is the equilibrium of ξ (t). Consequently, lim t→∞ [v(t) − v g (t)] = 0 holds, which means that v(t) converges to the desired weight v g (t).
Finally, we will prove that the tracking performance is guaranteed
This completes the proof. It is clear that inequality (13) in Theorem 1 is not linear matrix inequality (LMI), the similar method can be found in [26] . In order to obtain a feasible LMI condition, an optimal tracking controller is designed as follows.
Theorem 2: For system (12), given constants γ > 0, 0 ≤ µ ≤ 1, the matrices Z = diag{Z 1 , Z 2 } > 0 and Z 3 > 0, if there exist nonsingular matrix V , 1 > 0, 2 > 0,P > 0,Q > 0, constant κ > 0 and any matrix W , so that the following optimization problem has feasible solutions: min κ,P,Q,V ,W { 1 + trace( 2 )} Subject to the following LMIs (19) , as shown at the bottom of this page, where 0 −dx (s)x T (s)ds = NN T . Then, K N = WV −1 is an optimal control gain, which ensures the minimization of the guaranteed cost (14) for system (12) .
Proof: Pre-multiplying (13) by ψ −1 , and post-multiplying by ψ −T = (ψ −1 ) T , the following inequality holds: 
Applying the Schur complement to (20) , as shown at the bottom of this page, and (21), as shown at the bottom of this page, we can get
So, the minimization of { 1 +trace( 2 )} implies the minimization of the guaranteed cost index in (23) . This completes the proof.
B. FAULT-TOLERANT SHAPE CONTROL FOR ACTUATOR FAULT CASE
In order to reduce the negative effect caused by the actuator fault, an adaptive fault compensation control law u ad (t) is added to the normal control law u N (t). In the normal case, u ad (t) = 0, while u ad (t) = 0 is in the faulty case.
The target model is incorporated in the proposed FTSC as follows:
whereω = diag{ω 1 ,ω 2 , . . . ,ω m } denotes the estimated value of control effectiveness factor,v(t) is the estimated value of v(t), r(t) is compensation term.
T ,x(t) denotes the state of the augmented system when fault occurs. So we can get the following augmented system:
H are same with (10) .
Let the state error vector of the augmented system e(t) =x(t) −x(t), the control input is then written as r 2 (t) , . . . , r m (t)] T and g e (t) = g(x(t)) − g(x(t)), so, the state error of the augmented system can be written as:
For the state error system (26), we can obtain the following result.
Theorem 3: Given constants 0 ≤ µ ≤ 1, β 1 , β 2 , β 3 , β 4 , β 5 and time delay upper bound d, if there exist matrices P > 0, Q > 0, R > 0, M 1 , N 1 , such that the following inequality holds (27) , as shown at the bottom of this page,
then the system (26) is stable with
. Andω i is determined according to the following adaptive estimation algorithm.
T Proj{·} denotes the projection operator, and l i > 0 is the adaptive learning gain.
Proof: The following Lyapunov candidate is chosen:
By differentiating V (e(t)) along the trajectory of the system (26), we can obtaiṅ
By using Lemma 1, the following inequality holds:
For any matrix M , the following equation holds 
It is noted that ω i are constants, soω i =ω i holds. If (28) is chosen as the adaptive algorithm to estimate ω i , there will be two cases: 1) whenω = ω i orω = ω i , obviouslyω i = 0, and 2
2) otherwise, the following inequality is true:
Noted that
Therefore,V (e(t)) ≤ 0 if (27) holds , which means the error system (26) is stable. So V (e(t)) ∈ L ∞ , it implies that e(t) ∈ L ∞ . From (26) , it can be seen thatė(t) ∈ L ∞ , and
Hence, e(t) ∈ L ∞ ∩ L 2 , using the Barbalat Lemma [17] , we can get lim t→∞ e(t) = 0, it means that the dynamic weightv(t) converges to the desired weight v g (t). This completes the proof. The signal r(t) can be computed as where
It can be seen from the above that the FTSC strategy includes a normal shape control law and an adaptive compensation shape control law. In the normal caseω = I , u ad (t) = 0, when faults occur,ω = I , u ad (t) = 0, and u ad (t) is activated for adaptive control compensation.
IV. SIMULATION
In order to verify the effectiveness of the proposed method, in this section, the simulation is carried out under the MATLAB environment. Consider a stochastic system given in [12] , the PDF is formulated with the dynamic weight The desired PDF φ * (y, t) is chosen based on (6), with v g = [5, 3, 6] T . The initial condition in the dynamic weight system is given by (5) with the above matrices and
To validate the time-delay influence, we consider two cases with d = 1s and d = 0.1s.
A. ACTUATOR FAULT CASE
We assume that the control effectiveness factors are reduced from 100% to 40%, 60%, and 80%, i.e., ω 1 = 0.4, ω 2 = 0.6, and ω 3 = 0.8, respectively. Based on Theorem 3, when d = 1s and d = 0.1s, these control effectiveness factors are estimated, which are shown in Figure 1 and Figure 2 , respectively. Figure 3 and Figure 4 illustrate the tracking performance on the weights, and the output PDF distributions are plotted in Figure 5 and Figure 6 . From the above results, we can see that the control effectiveness factors can be VOLUME 6, 2018 FIGURE 5. Tracking performance on PDF shape with actuator faults (d=1s). estimated as ω 1 = 0.4, ω 2 = 0.6, and ω 3 = 0.8. And from Figure 5 and Figure 6 , we can see that the proposed FTSC can make the output PDF track a given PDF. Compared with the case d = 1s, the tracking performance is better when d = 0.1s.
B. COMPARISON BETWEEN DELAY-DEPENDENT CASE AND DELAY-INDEPENDENT CASE
In order to further show delay-dependent result has less conservatism than delay-independent result, we further show the comparison results in Figures 7-9 about the control effectiveness factors estimation, the tracking of weights and the tracking performance on output PDF shape, respectively. From these simulations, we can see that delay-dependent tracking will have more effectiveness than delay-independent case. On the other hand, the tracking performance will be worse when time-delay is increased.
V. CONCLUSION
In this paper, the FTSC for stochastic distribution system with time-delay is explored. Based on the adaptive control technique, an adaptive FTSC strategy is proposed to treat the partial loss of actuator effectiveness. The simulation results show that the proposed strategy can effectively make the output PDF track the given target distribution. Future work will be performed by adopting consensus control [29] , [30] to treat stochastic distribution system.
